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We studytherelatiistic orbit of binaryblack holesin systemswith smallmassratio. Thetrajectoryof
the smallerobject (anotherblack hole or a neutronstar), representeds a particle,is determinedoy the
geodesiequationon the perturbedmassie black hole spacetime Herewe studyperturbationsaarounda
Schwarzschildblack hole usingMoncrief's gaugeinvariantformalism. We decomposehe perturbations
into ¢ multipolesto shav that all ¢-metric coeficientsare C° at the location of the particle. Summing
over ¢, to reconstructhe full metric, gives a formally divergentresult. We succeedn bringing this sum
to a Riemann’s{-function regularizationschemeand numericallycomputethe first-ordergeodesics.

PACS numbers:04.30—w, 04.25.Nx,04.70.Bw

The computationof the gravitational radiation gen-
eratedby binary black holesis of greattheoreticaland
obsenationalinterest. On one handthesebinary systems
are amongthe bestcandidatego be detectecby the new
generationof gravitational wave detectors. On the other
hand,the theoreticallyvery interestingtwo body problem
in generalrelativity remainsan unsohed taskfor full nu-
merical approaches An appropriateastrophysicamodel
to computegravitationalradiationcomingfrom thecapture
of starsby massve black holesat the centerof galaxiesis
provided by the perturbatve approachappliedto binary
systemswvhereoneblack holeis muchmoremassve than
the other In the perturbatve regime, linearizedEinstein
equationganbebroughtto two simplewave equationgor
the two polarizationsof the gravitationalfield [1,2]. This
problemhasbeenrecentlyrevisited to includeinitial data
into the formulationin orderto be ableto startnumerical
integrationsfrom finite separationsf theholes[3]. It also
proved to be an excellentarenawhereto testthe accurag
of the longitudinal-conformallyflat ansatzto solve the
initial valueproblemfor binaryblackholes[4,5]. In order
to answerquestionssuchas what is the displacemenof
the innermoststable circular orbit (ISCO) and the rate
of increaseof the characteristicgravitational frequeny
dueto inspiraling orbits, it is importantto go beyond the
leadingapproximation. Technically one hasto compute
the geodesidrajectoryof a particlein the perturbedlack
hole spacetimegeneratedby the particle itself. Taking
this effect into accountwill make otherwise particle’s
boundedorbits actually to inspiral towards the bigger
black hole. This consistentdescriptionof the first-order
perturbatve approachopensthe door to second-order
perturbatve studies [6] which allow one to compute
gravitational radiationfrom binary black holeswith much
higher accurag and for systemswith not so small mass
ratio. Suchstudieswould teachus aboutnew nonlinear
physicaleffects aswell as produceaccuratetemplatesto
analyzethe forthcoming data from ground (and space)
basedaserinterferometricdetectors.
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Recentwork on gravitational radiation reaction[7,8]
prompteda renaved theoreticalinterestin this problem.
The approachwe will develop here privilegesits direct
computationalimplementability Throughoutthis paper
we will useresultsand techniquesof Ref. [4]. Thereit
was computedhe gravitational radiationgeneratedy the
collision of two nonspinningblack holes,one much less
massve than the other startingfrom restat a finite dis-
tance. The extrememassratio allowed us to describethe
problemof gravitational radiationas perturbationsabout
the Schwarzschildmetric. Hence,insteadof working with
all ten metric perturbations seven even parity and three
odd parity (thatidentically vanishfor our axially symmet-
ric problem),therelevant perturbatve informationis orga-
nizedinto (onein the even parity case two in general)the
Moncrief waveform [9]
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wherewe have usedZerilli's [2] normalizationfor ¢ and
notationfor A = (¢ + 2) (£ — 1)/2.

Oneof the advantagef working with ¢, is its gauge
invarianceunderfirst-orderdiffeomorphismsThis allows
usto chooseary corvenientgaugeliketheRegge-Wheeler
gauge[1], to make computations, satisfesasingle(in
generaltwo, with the odd parity case)wave equation
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wherer* = r + 2M In(r/2M — 1), V, is the Zerilli po-
tential, and S¢(r, ¢) is the sourceterm generatedoy the
smallhole,given in Ref. [3]. Thesmallerholeis described
asapoint particleof propermassmny, its stressenegy ten-
sor given by
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whereU* is the particle4-velocity. Thetwo dimensional
deltafunction %[ Q) ] gives the angularlocationof the par-

ticle (0,, ¢,). SinceT#”, andhenceS¢(r,t) arealready
proportionalto my, to first perturbatve order the radial

trajectoryr,(z), follows from the geodesiequationin the

backgroundgeometry(Schwarzschilds here). Thereare
situationswhen one wantsto know the trajectory of the

small hole to the next order In the computationof the

gravitational radiation to secondperturbatve order one
needsto know the sourcetermto secondorder hencethe

trajectoryof theholeonthefirst-ordermetric(background
plusfirst-orderperturbations) Evenwithin first-orderper-

turbationtheoryonewould alsolike to go furtherin order
to computeseculareffectslik e the particle s boundedorbit

decayarounda muchbiggerblack hole.

For the sale of simplicity we will treatherethe radial
infall of a particleinto a nonrotatinghole. This problem
containsmary of therelevantfeatureshatoccurfor more
generalorbits. To first perturbatve order the trajectory
of the particle is given by a geodesicon the first-order
metric (Schwarzschildplusfirst-orderperturbations) This
is so becausethe only “forces acting on the particle
are gravitational. The time componentof the particlés
four-momentum, P, = mog.(dt/d7) = —moE, is no
longer a consered quantity along the trajectory We
thenhave to dealwith the radial andtime (herethe only
nontrivial ones) componentsof the geodesicequation.
We combinethesetwo equationsinto a single equation
of motion for r(¢) by eliminating the dependencen the
geodesicparameter Linearizationof the resultingequa-
tion andsubtractiorof the zeroth-ordeigeodesigives the
deviation of the trajectory Ar,(¢) from the zeroth-order

one r,(t) = d,z, = —(1 — 2M/z,) %W’ di-
rectly in terms of Schwarzschild coordinates,ready for
further applications

A¥, = AAr, + BAr, + C, (4)
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The (numerical)integrationof this expressiongives the
trajectoryof the particle correctto first perturbatve order
(mo/M). Sincethe metric perturbationsgeneratecby a
particleseenmto involve radial deltafunctions(andderiva-
tives of them)evaluatedat the locationof the particle[see
Egs.(6)—(8) belown], the first problemto facehereis to
evaluatethe connectioncoeficientsat r,. We will next
shaov explicitly thatthe metricis actually C° at the loca-
tion of the particle. Connectioncoeficients have a finite
jump andthey canbecomputedasthe averageof its values
atr, * e with e — 0. While this accountdor the terms
comingfrom the radial Dirac deltain Eqg. (3), aswe will
seetheangulardeltaneedso be explicitly regularizedby
a differentmethod.

The 1t componentof Einsteiris equationsgives us the
Hamiltonian constraint. In the Regge-Wheelergauge
(hy = ho = G = 0) it is given by Zerilli's [2] Eq. (C7a).
Only two metric coeficients (K¢ and Hf) appearin this
equationand noneof its time derivatives. We recall here
that metric coeficients have an explicit multipole index
€ since we have decomposedheir angulardependence
into tensorharmonics.Consequentlyk ¢ andHY areonly
functionsof ¢ and r. Taking the Regge-Wheelemgauge
as an intermediatestep, the definition of ¢, and the

where Hamiltonian constraintwe can expressthesetwo metric
| coeficientsin termsof ¢, only (andsourceterms)
6M? + 3MAr + A(A + D)r? < 2M> kU%r — 2M)?

K¢ = + (1 — — )0, — olr — 6
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+ K ( /r)Xr r ! ]S[r —rp] — KU (r ) 8'r —r,]. (7)
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Integrationover r of the Hamiltonianconstraintells us |
that the leading behaior is given by d,¢¢ ~ kU°(r —
2M)6[r — rpl/(A + 1)/(Ar + 3M). This canbeusedto
prove thatthe metric coeficientsat thelocationof the par-
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ticle are actually C?, by taking up to secondderivatives
and using the equationabove to cancelderivatives of the
Dirac's delta. The sameC" behavior at r,, canbe proved

for H{. Wenow considetherr and:@ (orz¢) components
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of the Einsteinequationghat give usthe momentumcon-
straint. In the Regge-Wheelergaugethey are given by
Zerilli’s [2] Egs.(C7b)and (C7d). We combinethemto
eliminatethe dependencen H{ , andobtainafterintegra-
tion over r that a,(d,4¢) ~ —«kU",(r — 2M)d,8[r —
rpl/(A + 1)/(Ar + 3M).

From Zerilli’s [2] Eg. (C7b) and the expressionsfor
a,K* and 9,H, in termsof 9,4, we find the last metric
coeficientin the Regge-Wheelegauge

Art — 3MAr — 3M?

Hi = ro: 000 + =m0+ aan) P
KUy (Ar + M)
T ar D+ o T
0: —
kU°r,r(r — 2M) 8'[r — rpl. (8)

(A + D(Ar + 3M)

Thisequatiortogethemith H = H? (valid for head-on
collisions),(6), and(7) give us all metric perturbationsn
thechoserhypersuracein termsonly of ¢, andd,, (and
the source). We recall herethat sinceour casehasaxial
symmetryonly evenwaves are generated.

In Fig.1 we plot the results of computing by
means of Eq.(7) the metric coeficient A, = (1 —
2M [r,) N2 + 1 H along the trajectory of the particle
rp(t). It clearly shows that it is finite at each point
of the trajectory The other notable featureis that for
large € the curves quickly accumulateover the ¢ — «
asymptoticcurve. Since one hasthen to sum over all
€ contributions, this sum clearly diverges. One way of
regularizingthis sumis to subtractto eachmodeprecisely
the € — o contribution, and then verify the corvergence

r,/(2M)

FIG. 1. The upperpart of the plot shavs the metric coefi-
cient A¢ along the trajectory of the particle in units of m.
The lower part of the plot representghe renormalizedmetric
g™ = AY — HY. The insetfigure gives the leading decay
power, «, of Hy =" at a fiducial r,.

of the remanentseries. The resultof suchregularization
is shavn in the lower half of Fig. 1. The samegualitatve

resultsare found for the othermetric coeficients Hf(r,,),

K‘(r,), and Hi(r,) = H5(r,). Nonradiatve multipoles
¢ = 0,1 canbefound analyticallyandrepresenthe mass
and linear momentumcontrikutions of the particle to the
system2]. Theregularizationjustdescribeds ambiguous
up to a finite piece. To give a definite prescriptionwe

notethatit canbe broughtinto the generalizedRiemanns

{ function [10] procedureas follows. The numerical
behaior of all metric coeficients shawvs that they can
be decomposednto two pieces: Onethat generateshe
finite behaior for £ — o« andthe otherstronglydecaying
for large € (labeledwith arenbelaw). Thus,for instance,
for the perturbedmetric componenfg . we canwrite

Hy(t,r,0.¢) = > HI"(t,r)Yen (6, ¢)

{m

= > {@+3/2 - B) PH; + Hi™}
=0

20 + 1
A

where in the secondequality we made use of the ax-
ial symmetryof the problemand we have chosenthe B
parametrizationrmotivated by the D-dimensionalexten-
sion of the conformally flat initial value problem,where
B = 9/2 — D. Whenwe evaluatethis metric coeficient
at the location of the particlewe find

P(6), (9)

Holt,r,(1),6, = 0]
- 2B+l/2\/HTi7T§('B - 1/2,1/2)

2¢ + 1

+g) 4

where the Riemanns ¢ function is {(a,b) = >, X
(€ + b)"“. Numerically we obsere that 8 = 1/2 in
order to lead to the finite ¢ — o« behaior. Since the
analytically continued/ function gives £(0,1/2) = 0 we
must subtractto each multipole just the ¢ — « piece.
The renormalizedmetric coeficients that enterinto the
head-orgeodesiequation(Hs™ = H:™", H{ ™) vanish
for large ¢ as~¢~3, as we numericallyroughly estimated
(cf. Fig. 1). This implies that the regularizedconnection
coeficients scaleas ~¢ 2 for large € and that its sum,
to computeC, up to a finite maximumL (asis donein
practice)scaleas~L~!. This canbe usedto estimatethe
error producedby a truncationof the series.

Fromthe metricwe build up the connectiorcoeficients
that enterinto the geodesicequation. The piece of the
relative acceleratiorthat is summedover ¢, denotedby
C in Eq. (5), needsto be regularizedin the sameway
metric coeficients do. This piece summedover the

Hiren, (10)
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FIG. 2. Therenormalizedadiative pieceof thereactionon 7.
We shaw the regularizedsumover € = 10 multipole contritu-
tionsto C, asdefnedin Eq. (5). Below, thefirst-ordertrajectory
ril, for my = 0.1M, is comparedo the zerothorderone, r{".

¢ = 10 radiatve multipolesis plotted in Fig.2 (¢ =0
and{¢ = 1 multipoleshave beensolved analyticallyusing
the additionalgaugefreedomto set H, = K and,in the
{ = 0 casealsoH; = 0). We find the radiationreaction
effectscanbequalitatvely describedn two regimes. First,
the renormalizedaccelerationis very small in the early
stagesof the trajectory This is expectedfor a particle
starting at rest, sincethe gravitational radiationis domi-
natedby the bremsstrahlungnechanism.Then, radiation
reaction effects becomemore important as the particle
approachethe maximumof the Zerilli’ s potential(around
rmax = 3.1M). They tendto deceleratehe particle with

respectto the zeroth order (Schwarzschild) geodesics.

This is what one would qualitatively expect a priori
sincethe systemis losing enegy and momentumin the
form of gravitationalradiation. Anotherimportantfeature
is that the radiation reaction effect is low ¢-dominated
(only afterrenormalization)but still the sumover large €
gives an importantcontrikution, and one hasto consider
higher multipoles than one usually takes into account
when computing, for instance,the total enegy radiated
reachinginfinity.

5254

A relatedapproachto the one presentecherehasbeen
developedindependenthyf11] andappliedto scalarradia-
tion. It considerghe large ¢ dependencef the tail term
of the reactionforce [8], andregularizesthe sumover ¢
modesby subtractingthe noncotvergenttermsplus a fi-
nite partto be determined Applied to the equialentcase
we treatedherethe finite part to be subtractedvanishes
and both proceduresoincide. Besides,this methodwas
implementedto study static scalarand electric fields in
the Schwarzschildbackground12], leadingto the correct
known expressionof the self-force.

Here we reportedon a first importantstepto improve
our ability to computegravitational radiationfrom binary
black holes. The next stepis to apply the {-function
regularization methodto generalboundedorbits in the
Schwarzschild backgroundand compareits resultswith
the enegy and momentumbalanceestimates. Besides,
ourrenormalizatiorprocedures explicitly gaugeinvariant
sincewe useMoncrief s waveform. Anotherkey problem
to attackis the orbiting particle in a rotating black hole
background. Perturbationsof the Kerr metric are de-
scribedby the Teulolsky equationrandcanbedecomposed
into multipoles (via spin-weightedspheroidalharmonics)
in the frequeng domain, i.e., after a Fourier decompo-
sition of the time dependenceThis propertywould still
allow us to apply our regularization schemeand com-
pute the decay of boundedorbits consistentlyto first
order Besides,it would open the possibility to study
second-ordeperturbation$6] andobtainaremarkableém-
provementin our ability to computegravitationalradiation
from binary systemswith not so small massratio. This
will notonly beof usefor LISA’ s detectiorof gravitational
radiationfrom black holesin the centerof nearbygalax-
ies, but also relevant for ground basedinterferometers,
sensible to frequenciescorrespondingto black hole/
neutronstarbinaries.
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