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W
�

e studytherelativistic orbit of binaryblackholesin systemswith smallmassratio. Thetrajectoryof
the
�

smallerobject(anotherblack hole or a neutronstar),representedasa particle,is determinedby the
geodesic	 equationon theperturbedmassive blackholespacetime.Herewe studyperturbationsarounda
Schw



arzschildblackholeusingMoncrief’s gaugeinvariantformalism. We decomposetheperturbations
into
� �

multipoles
 to show that all � -metric coefficientsare ��� at� the locationof the particle. Summing
ove� r � , to reconstructthe full metric,gives a formally divergentresult. We succeedin bringing this sum
to
�

a Riemann’s� -function regularizationschemeandnumericallycomputethe first-ordergeodesics.

PACS numbers:04.30.–w, 04.25.Nx,04.70.Bw

The computationof the gravitational radiation gen-
erated� by binary black holes is of great theoreticaland
observ� ational interest.On onehandthesebinary systems
are� amongthe bestcandidatesto be detectedby the new
generation� of gravitational wave detectors.On the other
hand,
�

the theoreticallyvery interestingtwo body problem
in generalrelativity remainsan unsolved taskfor full nu-
merical� approaches.An appropriateastrophysicalmodel
to
�

computegravitationalradiationcomingfrom thecapture
of� starsby massive blackholesat thecenterof galaxiesis
pro� vided by the perturbative approachapplied to binary
systemswhereoneblackhole is muchmoremassive than
the
�

other. In the perturbative regime, linearizedEinstein
equations� canbebroughtto two simplewaveequationsfor
the
�

two polarizationsof the gravitational field [1,2]. This
problem� hasbeenrecentlyrevisited to includeinitial data
into the formulationin orderto be ableto startnumerical
inte
�

grationsfrom finite separationsof theholes[3]. It also
pro� ved to be an excellentarenawhereto testtheaccuracy
of� the longitudinal-conformallyflat ansatzto solve the
initial valueproblemfor binaryblackholes[4,5]. In order
to
�

answerquestionssuchas what is the displacementof
the
�

innermoststable circular orbit (ISCO) and the rate
of� increaseof the characteristicgravitational frequency
due
�

to inspiralingorbits, it is importantto go beyond the
leading
 

approximation. Technically, one hasto compute
the
�

geodesictrajectoryof a particlein theperturbedblack
hole
�

spacetimegeneratedby the particle itself. Taking
this
�

effect into account will make otherwise particle’s
bounded
!

orbits actually to inspiral towards the bigger
black
!

hole. This consistentdescriptionof the first-order
perturbati� ve approachopens the door to second-order
perturbati� ve studies [6] which allow one to compute
gra� vitational radiationfrom binaryblackholeswith much
higher accuracy and for systemswith not so small mass
ratio." Suchstudieswould teachus aboutnew nonlinear
physical� effects as well as produceaccuratetemplatesto
analyze� the forthcoming data from ground (and space)
based
!

laserinterferometricdetectors.

Recentwork on gravitational radiation reaction [7,8]
prompted� a renewed theoreticalinterestin this problem.
The approachwe will develop here privileges its direct
computational# implementability. Throughoutthis paper
we$ will useresultsand techniquesof Ref. [4]. There it
w$ as computedthegravitational radiationgeneratedby the
collision# of two nonspinningblack holes,one much less
massi� ve than the other, startingfrom rest at a finite dis-
tance.
�

The extrememassratio allowed us to describethe
problem� of gravitational radiationas perturbationsabout
the
�

Schwarzschildmetric. Hence,insteadof working with
all� ten metric perturbations,seven even parity and three
odd� parity (that identicallyvanishfor our axially symmet-
ric" problem),therelevantperturbative informationis orga-
nized% into (onein theevenparity case,two in general)the
Moncrief waveform [9]&('*),+.-0/2143 5687:9 ;*<>=@? ACBEDGFHJILKEMONQP,RTSUWVYXGZ\[^]`_Oacbedgfih

(1)
�

where$ we have usedZerilli’s [2] normalizationfor j(k and�
notation% for lWmonqpsrEt\uwvqxsy:z|{|}e~ .

One
�

of the advantagesof working with �(� is
�

its gauge
invarianceunderfirst-orderdiffeomorphisms.This allows
us� to chooseany convenientgauge,liketheRegge-Wheeler
gauge� [1], to make computations.�(� satisfiesa single(in
general� two, with theoddparity case)wave equation

�@�*�G�(��������Q�`�G�(��c�*�����Y���*�,�e |¡(¢>£¥¤§¦©¨,ª.«|¬®­w¯ (2)
�

where$ °*±³²¥´CµE¶G· ln ¸,¹Oºe»O¼¾½À¿0Á , Â�Ã is the Zerilli po-
tential,
�

and Ä§Å*Æ,Ç.È0É2Ê is
�

the sourceterm generatedby the
smallhole,given in Ref. [3]. Thesmallerholeis described
as� a point particleof propermassËÍÌ , its stressenergy ten-
sor given byÎ(ÏJÐÒÑÀÓÕÔ³ÖÍ×ÙØ^ÚÛÝÜ.Þàßâáäã,åçæ:èêéJë,ì®íïî|ðcñOòêóõôcö (3)
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where$ üÍý is
�

theparticle4-velocity. The two dimensional
delta
�

function þ§ÿ������ gi� ves theangularlocationof thepar-
ticle
� ���	��

�����

. Since ����� , andhence ���	�������! are� already
proportional� to "$# , to first perturbative order, the radial
trajectory
� %�&�'�(*)

, follows from thegeodesicequationin the
background
!

geometry(Schwarzschild’s here). Thereare
situationswhen one wants to know the trajectoryof the
small hole to the next order. In the computationof the
gra� vitational radiation to secondperturbative order one
needs% to know the sourceterm to secondorder, hencethe
trajectory
�

of theholeonthefirst-ordermetric(background
plus� first-orderperturbations).Evenwithin first-orderper-
turbation
�

theoryonewould alsolike to go further in order
to
�

computeseculareffectslike theparticle’sboundedorbit
decay
�

arounda muchbiggerblack hole.
For the sake of simplicity we will treatherethe radial

inf
�

all of a particle into a nonrotatinghole. This problem
contains# many of therelevant featuresthatoccurfor more
general� orbits. To first perturbative order, the trajectory
of� the particle is given by a geodesicon the first-order
metric� (Schwarzschildplusfirst-orderperturbations).This
is so becausethe only “ forces” acting� on the particle
are� gravitational. The time componentof the particle’s
four-momentum, +-,�.0/$132�454�687�9;:3<>=@?BADCFEHGJILK is no
longer
 

a conserved quantity along the trajectory. We
then
�

have to dealwith the radial andtime (herethe only
nontri% vial ones) componentsof the geodesicequation.
W
M

e combinethesetwo equationsinto a single equation
of� motion for NPO�Q!R by

!
eliminating the dependenceon the

geodesic� parameter. Linearizationof the resultingequa-
tion
�

andsubtractionof thezeroth-ordergeodesicgives the
de
�

viation of the trajectory SUT�V�W�X*Y from the zeroth-order

one� Z[�\�]�^!_U`ba�cedgfihkjUl�monqpPrts3ugvxw�y z|{~}��;���@�|�~��������@���F����� , di-
rectly in terms of Schwarzschildcoordinates,ready for
further
�

applications��������t�B�U�����q�¡ £¢¤�¥�¦¨§ª© (4)
�

where$

«­¬D®�¯°@±³²	´�µ·¶�¸ ¹ º¼»�½o¾q¿�ÀtÁPÂJÃPÄÅ
ÆÇÈ�ÉªÊtËPÌtÍPÎ3ÏÑÐÓÒ~ÔÕ×Ö Ø�ÙÛÚÜ�ÝÜ
ÞPß�àoá�â�ãtäPå3æ~çè×éëê�ì íïîðUñ òÑòôóõ�ö÷ùø0ú8ûýü þ*ÿ�������� � �
	��� �
��������� (5)
�

����� �
���� ���! #" $ %
&'!() (+*-,.�/10�2 3546�7 8�8:9
; <=>�?A@CBED

The
F

(numerical)integrationof this expressiongives the
trajectory
�

of the particlecorrectto first perturbative orderGIHKJMLONQP
. Since the metric perturbationsgeneratedby a

particle� seemto involve radialdeltafunctions(andderiva-
ti
�
ves of them)evaluatedat the locationof theparticle[see

Eqs.(6)–(8)
�

below], the first problemto facehere is to
e� valuatethe connectioncoefficients at R�S . We will next
show explicitly that the metric is actually TVU at� the loca-
tion
�

of the particle. Connectioncoefficientshave a finite
jump
W

andthey canbecomputedastheaverageof its values
at�YX�Z1[�\ with$ ]_^a` . While this accountsfor the terms
coming# from the radial Dirac delta in Eq. (3), aswe will
see,theangulardeltaneedsto beexplicitly regularizedby
a� differentmethod.

The
F b�b

component# of Einstein’s equationsgives us the
Hamiltonian constraint. In the Regge-WheelergaugecIdfehg�ikj�l�mon�pMq

it
�

is given by Zerilli ’ s [2] Eq. (C7a).
Only
�

two metric coefficients (rts and� u_vw )
�

appearin this
equation� andnoneof its time derivatives. We recall here
that
�

metric coefficients have an explicit multipole indexx
since we have decomposedtheir angulardependence

into tensorharmonics.Consequently, ytz and� {_|} are� only
functions
�

of ~ and� � . Taking the Regge-Wheelergauge
as� an intermediatestep, the definition of ��� , and the
Hamiltonian
�

constraintwe can expressthesetwo metric
coef# ficientsin termsof ��� only� (andsourceterms)���t� �M�����#�����E���������������� �¡¢�£M¤¦¥E§�¨#©MªQ« ¬�­¯®±°³²µ´·¶�¸ ¹±ºA»k¼¾½�¿ÁÀ ÂÄÃÆÅMÇÉÈ�Ê#ËMÌQÍ
ÎÏ�Ð�Ñ�Ò�ÓÕÔ�ÖE×�Ø�Ù�ÚQÛ�ÜÞÝàßÉáãâ�ä¦åAæ (6)

�
and�

ç_èé�êìëtíMîðï�ñ#ò³óõô�ö�÷�ø#ù³ú�ûOüþý�ÿ�� �������
	���
������������������� �"! #�$&%
'�(*)*+-,/.10*2-3�4�5
6�7�8�9*:�;�< = >@?BADC&E-FHG*I
J�K L�MON PRQDS

TVUXWZY�[H\^]
_�`�a�bRced�f�gih�j�k
lnm/oqp�r
s�t1u*v
w�x*yRz{}|
~������}�����
��� �"� �����^�-������� �
�����H�*�
��� �" 

¡�¢�£�¤�¥e¦�§�¨*©
ª�« ¬®­n¯"°H±*²-³�´�µ�¶ (7)
�

Inte
·

grationover ¸ of� theHamiltonianconstrainttells us
that
�

the leading behavior is given by ¹/ºR»D¼¾½À¿XÁZÂ�ÃHÄ*ÅÆ�Ç È�É�ÊHËÍÌ�Î�ÏÑÐ�Ò�Ó�Ô�Õ�Ö�×�Ø�Ù�Ú�Û*Ü
Ý�Þ ß
. This canbeusedto

pro� ve thatthemetriccoefficientsat thelocationof thepar-

ticle
�

are actually àâá , by taking up to secondderivatives
and� using the equationabove to cancelderivatives of the
Dirac
ã

’ s delta. The sameäâå beha
!

vior at æ�ç can# be proved
for èêéë . Wenow considerthe ì}í andî ïñð (or

ò óñôöõ
components÷
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ofü theEinsteinequationsthatgive us themomentumcon-
straint. In the Regge-Wheelergaugethey are given by
Zerilli
ý

’ s [2] Eqs.(C7b) and (C7d). We combinethemto
eliminateþ thedependenceon ÿ��� , andobtainafter integra-
tion
�

over � that
� ���	��
���
������������������� �"!$#&%('*),+�-	.0/"1324�576,8(9�:<;>=@?BADC�EGF$HJI(K*L .

From Zerilli ’ s [2] Eq. (C7b) and the expressionsforMONQPSR
andî T�UQV�W in termsof X�Y�Z�[ , we find the last metric

coef÷ ficient in the Regge-Wheelergauge

\�]^`_baDcOd	e�f�g�h�ikjml�nGo
p$q&r(s<tvu$wJx(y{z

|"}{~&�(�*�����v�$�J�(�*���������
� ���

������v���v�{�<�*����< >¡,¢�£�¤G¥$¦&§(¨*©«ª0¬"­3®>¯�°7±
² ³�´�µG¶·�¸ ·D¹"º$»&¼D½*¾¿�À<Á>Â,Ã�Ä�ÅGÆ$Ç&È(É*Ê«ËÍÌÏÎ"Ð{ÑÓÒ�ÔÖÕ�× (8)

ò
Thisequationtogetherwith Ø�ÙÚ$ÛÓÜ�ÝÞ (v

ò
alid for head-on

collisions),÷ (6), and(7) give usall metricperturbationson
the
�

chosenhypersurfacein termsonly of ß�à andî á�â"ã�ä (and
ò

the
�

source). We recall herethat sinceour casehasaxial
symmetryonly even waves aregenerated.

In Fig. 1 we plot the results of computing by
meanså of Eq. (7) the metric coefficient æç�èêéìë"íïî
ð(ñ<òDó�ôÖõ÷ö øDùûú>üþý�ÿ� alongî the trajectoryof the particle�������	� . It clearly shows that it is finite at each point
ofü the trajectory. The other notable feature is that for
large 
 the

�
curves quickly accumulateover the �
���

asymptoticî curve. Since one has then to sum over all�
contrib÷ utions, this sum clearly diverges. One way of

re� gularizingthis sumis to subtractto eachmodeprecisely
the
� �
���

contrib÷ ution, and then verify the convergence

FIG. 1. The upper part of the plot shows the metric coeffi-
cient ����� along the trajectory of the particle in units of ��� .�
The lower part of the plot representsthe renormalizedmetric��! #" $&%' (*)+!,-/.102435 .� The inset figure gives the leading decay
power, 6 , of 7�8:9 ;= <> at a fiducial ?A@ .

ofü the remanentseries. The result of suchregularization
is shown in the lower half of Fig. 1. Thesamequalitative
resultsarefound for the othermetric coefficients BDCEGF�H�IKJ ,L/MON�P�QKR

, and SDTUWV�X�Y[Z!\^]D_`ba�c�d[e . Nonradiative multipolesfhg^ibjlk
canm be foundanalyticallyandrepresentthemass

andn linear momentumcontributionsof the particle to the
system[2]. Theregularizationjustdescribedis ambiguous
upo to a finite piece. To give a definite prescriptionwe
notethat it canbebroughtinto thegeneralizedRiemann’sp

function
q

[10] procedureas follows. The numerical
beha
r

vior of all metric coefficients shows that they can
be
r

decomposedinto two pieces: One that generatesthe
finite behavior for sutwv andn theotherstronglydecaying
for
q

large x (labeled
y

with a renbelow). Thus,for instance,
for theperturbedmetriccomponentz|{}{ we~ canwrite�!�������l���#�����4����� �#���D�:����������¡ l¢�£:¤¦¥�§�¨#©!ª

« ¬­®°¯W±K²#³µ´�¶¸·º¹W»¡¼¾½À¿ÂÁlÃ�Ä|ÅuÆÇÉÈºÊuËÍÌÏÎ�ÐÑ Ò
ÓÕÔ ÖØ×ÚÙÉÛÜWÝ Þ�ßOà�á�â|ã (9)

ä
whereå in the secondequality we made use of the ax-
ial symmetryof the problemand we have chosenthe æ
parametrizationç motivated by the è -dimensionalexten-
sion of the conformally flat initial value problem,whereéÉê^ëWìÍíÚîºï

. Whenwe evaluatethis metric coefficient
atð the locationof the particlewe findñ!ò�ó�ô�õ�ö�÷�ø�ù&úlû�üþý¸ÿ����

�����	��

����������� �
������� �"!$#&%('*)�+-,$.
/10235476

8 9	:<;"=
>
? @BA&CEDGFH I (10)

ä
whereå the Riemann’s J function

q
is K�LNMPOGQ�RTSVUXWY[Z7\^]_a`<bdc�egf
h

. Numerically, we observe that i"j k$l&m in
ordern to lead to the finite o�prq beha

r
vior. Since the

analyticallyð continueds function gives tvuNw�x*y�z-{$|T}�~ weå
must� subtract to each multipole just the ���r� piece.�
The
�

renormalizedmetric coefficients that enter into the
head-ongeodesicequation���B�&�E�G�� ���B�&���5�� �G���&�E�G�� � v� anish
for
q

large � as ¢¡¤£(¥
¦ , as we numericallyroughlyestimated
(cf.
§

Fig. 1). This implies that the regularizedconnection
coef¨ ficients scaleas ©¤ª
«$¬ for

q
large ­ and  that its sum,

to
®

compute ¯ , up to a finite maximum ° (as
§

is donein
practice)� scaleas ±³²µ´(¶ . This canbeusedto estimatethe
error· producedby a truncationof the series.

Fromthemetricwe build up theconnectioncoefficients
that
®

enter into the geodesicequation. The piece of the
relative accelerationthat is summedover ¸ , denotedby¹

in
º

Eq. (5), needsto be regularized in the sameway
metric coefficients do. This piece summed over the
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FIG. 2. Therenormalizedradiative pieceof thereactionon ½¾À¿ .
We show the regularizedsum over ÁÃÂÅÄÀÆ multipole contribu-
tionsto Ç ,È asdefinedin Eq. (5). Below, thefirst-ordertrajectoryÉ&ÊaËEÌÍ , for ÎÐÏÒÑÔÓÖÕØ×ÀÙ ,È is comparedto the zerothorderone, Ú&Û ÜÞÝß .

àâáäãgå
radiative multipoles is plotted in Fig. 2 (æèç�é

and  êèë ì multipolesí have beensolvedanalyticallyusing
the
®

additionalgaugefreedomto set îÒï�ð�ñ and,  in theòèóÅô
case,¨ also õXö³÷�ø ).ù We find the radiationreaction

ef· fectscanbequalitatively describedin two regimes.First,
the
®

renormalizedaccelerationis very small in the early
stagesof the trajectory. This is expectedfor a particle
startingat rest, sincethe gravitational radiationis domi-
natedú by the bremsstrahlungmechanism.Then,radiation
reaction effects becomemore important as the particle
approaches  themaximumof theZerilli ’ s potential(aroundû

max üVý(þ ÿ ��� . They tend to deceleratethe particle with
respect� to the zeroth order (Schwarzschild) geodesics.
This is what one would qualitatively expect a� priori
sincethe systemis losing energy and momentumin the
form
q

of gravitational radiation.Anotherimportantfeature
is that the radiation reactioneffect is low � -dominated
(only
§

after renormalization),but still thesumover large �
gi� ves an importantcontribution, and one hasto consider
higher
	

multipoles than one usually takes into account
when
 computing, for instance,the total energy radiated
reaching� infinity.

A
�

relatedapproachto the onepresentedherehasbeen
de
�

velopedindependently[11] andappliedto scalarradia-
tion.
®

It considersthe large 
 dependence
�

of the tail term
of� the reactionforce [8], and regularizesthe sum over �
modesí by subtractingthe nonconvergent termsplus a fi-
nite part to bedetermined.Applied to theequivalentcase
we
 treatedhere the finite part to be subtractedvanishes
and  both procedurescoincide. Besides,this methodwas
implementedto study static scalarand electric fields in
the
®

Schwarzschildbackground[12], leadingto thecorrect
known expressionsof the self-force.

Here
�

we reportedon a first importantstepto improve
our� ability to computegravitational radiationfrom binary
black
r

holes. The next step is to apply the � -function
re� gularization method to generalboundedorbits in the
Schw
�

arzschildbackgroundand compareits resultswith
the
®

energy and momentumbalanceestimates. Besides,
our� renormalizationprocedureis explicitly gaugeinvariant
sincewe useMoncrief’s waveform. Anotherkey problem
to
®

attack is the orbiting particle in a rotating black hole
background.
r

Perturbationsof the Kerr metric are de-
scribedby theTeukolsky equationandcanbedecomposed
into
º

multipoles(via spin-weightedspheroidalharmonics)
in the frequency domain, i.e., after a Fourier decompo-
sition of the time dependence.This propertywould still
allo  w us to apply our regularization schemeand com-
pute� the decay of boundedorbits consistently to first
order� . Besides,it would open the possibility to study
second-orderperturbations[6] andobtainaremarkableim-
pro� vementin ourability to computegravitationalradiation
from binary systemswith not so small massratio. This
will
 notonly beof usefor LISA’sdetectionof gravitational
radiationfrom black holesin the centerof nearbygalax-
ies,
º

but also relevant for ground basedinterferometers,
sensible to frequenciescorrespondingto black hole�
neutronstarbinaries.
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